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Computational Treatment of Source Terms
in Two-Equation Turbulence Models
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The source terms in turbulence models require careful treatment to obtain a stable discretization. The choice
between implicit and explicit treatment has to be made. This can be done either on the basis of individual terms
or on the basis of the exact Jacobian of the source terms. A comparison of both methods shows that the latter is
generally applicable and superior to the � rst, approximate method with respect to convergence speed. This comes
from the possibility of using the multigrid technique with the exact method, whereas this is not always possible
with the approximate method. It is also shown that, in principle, for robustness a time-step restriction for the
source terms has to be introduced to prevent the turbulence quantities from becoming negative or in� nitely large.
An approximation of the appropriate time step is calculated. Practical results, however, indicate that the time-
step restriction is not always necessary. Different two-equation turbulence models are investigated con� rming the
generality of the approach.

Nomenclature
c f = friction coef� cient,

p
s w /0.5 q u2

1
F = � ux vector in x direction
G = ampli� cation factor
G = � ux vector in y direction
H = step height
k = turbulence kinetic energy
p = pressure
p 0 = effective kinematic pressure, p / q + 2

3
k

Q = vector of primitive variables
q = square root of turbulence kinetic energy
S = source term
S = source term vector
u, v = velocity components
u s = friction velocity,

p
( s w / q )

u 1 = freestream velocity
x , y = coordinate directions
b = turbulence model constant
b x , b y = velocity in dissipation term
C ¯̄ = preconditioningmatrix
e = turbulence dissipation rate
j = parameter in van Leer discretization
K ¯̄ = eigenvalue matrix
k 1, k 2 = eigenvalue
m = kinematic viscosity
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q = density
r = turbulence model constant
s = pseudotime
s w = wall shear stress
u = variable
Á = vector of turbulence variables
x = speci� c dissipation rate

Subscripts

a = acoustic
c = convective
d = dissipation
E = explicit
I = implicit
i = index in x direction
i + 1

2 = right cell face
j = index in y direction
j + 1

2 = upper cell face
k = turbulence kinetic energy
L = left cell face
R = right cell face
t = turbulent
v = viscous
e = turbulence dissipation rate
1 = freestream

Superscripts

(m) = pseudotime level in multistage scheme
(m + 1) ¤ = pseudotime level in multistage scheme
n = pseudotime level
¡ = negative part

Introduction

L OW-REYNOLDS two-equation turbulence models are nowa-
days often used in both industry and research institutes. They

describe the physics of turbulence more universally than the alge-
braic models and are less time consuming than the Reynolds stress
models. When implementing the turbulence equations into compu-
tational � uid dynamics (CFD) codes,specialattentionmust be given
to the treatment of the source terms. During the iterative process,
the turbulent quantities are not allowed to grow in� nitely fast or to
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becomenegative.Independentlyof the turbulencemodel, the gener-
ally used method is to treat the negative source terms implicitly and
the positive terms explicitly.Examples of this are the methods sug-
gested by Vandromme and Ha Minh1 for k– e turbulence models or
the method suggestedby Wilcox2 for k– x based turbulencemodels.
In this paper, a thorough study is carried out to analyze in a general
way differential equations with (nonlinear) source terms. Different
methods of source term treatment are presented and numerically
tested.

Navier–Stokes equations combined with low-Reynolds turbu-
lence models are discretized on high AR meshes to resolve the
boundary layer. The use of these meshes causes a very numeri-
cally anisotropic behavior of the diffusive and acoustic terms. A
robust method to handle this stiffness consists of the use of a line
implicit line solvercombinedwith multigrid.3 In thiswork,highgrid
AR appear in both directions. The stiffness is removed by the use
of an alternating line solver with an implicit treatment of acoustic
and diffusive terms. If there are only high AR in one direction, one-
directionalsweeps are used with lines in the directionof the shortest
grid distances.Earlier, it was shown4 that this approach,accelerated
with the multigrid technique, performs well for incompressibleand
low Mach compressible laminar � ow cases. This technique is here
extended to turbulent � ows.

Previous studies5,6 showed that the application of the multigrid
technique on turbulence equations is not evident. It was found that
the coarse grid corrections for the turbulent quantities need to be
damped to make the multigrid work. However, only a slight de-
crease in convergence rate was observed for the � uid equations
when the multigrid techniquewas only applied to the Navier–Stokes
(NS) equations, whereas the turbulence equations were solved on
the � nest grid. Similar dif� culties have been reported by Lien and
Leschziner7 who also had to introduce damping of the coarse grid
corrections. Gerlinger and Brüggemann8 observed the same dif� -
culties but proposed to freeze the nonlinear parts in the source term
when they used the multigrid technique.This approachappears to be
fruitful for a q– x turbulence model with a large increase in conver-
gence when both the � uid and turbulenceequationsare taken within
the multigrid (MG) cycle.8 In this study, resultswill be shown where
both the NS equations and the turbulence equations are solved by
the use of the MG technique combined with an implicit line solver,
without any damping of coarse grid corrections or freezing of any
source term parts, which results in a considerable convergence ac-
celeration.

Governing Equations
The two-dimensionalincompressiblesteadyNS equationsin con-

servative form are
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where Fc and Gc are the convective � uxes, Fa and Ga the acoustic
� uxes, Fv and Gv the viscous � uxes
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and S =[0, 0, 0, Sk , Se ]T the source term. The source terms Sk and
Se , the constants r k and r e , and the turbulentkinematic viscosity m t

are given by the turbulence model.
A distinction is made between the convective and acoustic parts

of the inviscid � ux vector because a different spatial and temporal
discretizationis used for these parts. The source term treatment will
be discussed later.

Discretization
A � nite volume method with control volumes centred around the

nodes is used. The discretization of the convective � ux is based on
velocity upwinding:
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A short notation for the subscripts is used. The subscript that is not
shifted with respect to i or j is omitted. The left and right values are
computed with the van Leer– j approach with j = 1

3 for third-order
accuracy.

The acousticand viscous� uxes are discretizedin the central way.
The discretizationof the convectiveand acoustic terms corresponds
to the original AUSM scheme9 if the energy equation is omitted, a
constant density is assumed, and Mach number moves toward zero.
Because the pressure term is discretizedin the central way, pressure
stabilization is needed.

An arti� cial dissipation term for the pressure is added in the
continuity equation in the following way:
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where b x and b y have the dimension of velocity. We take

b x = wr + 2( m + m t ) / D x , b y = wr + 2( m + m t ) / D y

where wr is, in our application, the maximum velocity within the
� ow� eld. In the case of inviscid � ow, this term corresponds to the
dissipation term introduced by the � ux-difference splitting method
for incompressible � ow.10 According to Weiss and Smith,11 b x and
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b y are treated in such a way that they scale with the local diffusion
velocities ( m + m t ) / D x and ( m + m t ) / D y when these terms become
important.

Time Marching Method
A time marchingmethod is used to reach the steady-statesolution

of the incompressible Reynolds-averagedNS equations. Applying
the pseudocompressibility method to the conservative form of the
inviscid part of Eq. (1) gives
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Q is the vector of variables [p 0 , u, v , k, e ]T . The preconditioning
matrix C ¯̄ has nonzeroentries C 11 = 1/ b 2, C 22 = C 33 = C 44 = C 55 = 1
where b has the dimension of velocity. The eigenvalues of the in-
viscid part of the preconditionedsystem are given by

k C ¯̄ ¡ 1 @(nx F + n yG)

@Q
= w , w , w , w § c (2)

where w = nx u + n y v , c =
p

(w 2 + b 2), and nx and n y denote an
arbitrary direction with n2

x + n2
y =1. If b is of the same order of

magnitude as the convective speed, all eigenvalueswill be properly
scaled in at least one direction.

Stepping in Pseudotime
A multistage stepping with four stages is used

Q(0) = Qn , Q(1) = Q(0) + a 1c f l D Q(0)

Q(2) = Q(0) + a 2c f l D Q(1) , Q(3) = Q(0) + a 3c f l D Q(2)

Q(4) = Q(0) + a 4c f l D Q(3) , Qn + 1 = Q(4) (3)

with {a 1 , a 2, a 3, a 4} equal to {1
4 , 1

3 , 1
2 , 1}. The D Q(m) of each stage

is given by D Q(m) =Q(m + 1) ¤ ¡ Q(m ) , where Q(m + 1) ¤
is computed

with the semi-implicit line method (4). Lines in the y direction, for
example, Q(m + 1) ¤

, are calculated from
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Ad is a 5 £ 5 matrix with zero entries, except Ad11 = 1
2 / b x D x .

S(m ),(m + 1) ¤
denotes that a part of the source term can be treated

implicitly and another part explicitly. This will be discussed in the
next section. L (m),(m + 1) ¤

(Q) is the discretized form of the operator,
for example, for lines in y direction,
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where Rx x , Rx y , Ryx , and Ryy are 5 £ 5 matrices with zero entries,
except

(Rx x )22 = 2( m + m t ), (Rx x )33 = m + m t

(Rx x )44 = m + m t / r k , (Rx x )55 = m + m t / r e

(Rx y)32 = m + m t , (Ryx )23 = m + m t , (Ryy )22 = m + m t

(Ryy)33 = 2( m + m t ), (Ryy)44 = m + m t / r k

(Ryy )55 = m + m t / r e

Rx x is de� ned as

Rx x = 1
2 (Rx x ,L + Rx x , R )

If high grid AR exist in both directions, an alternating line solver is
used. This means that two multistage cycles are performed. In the
� rst one, Q(m + 1) ¤

is calculatedby a sweep with lines in one direction
and in the second one by a sweep with lines in the other direction.

If the multigrid technique is used, such a cycle is performed on
each grid. Typically, W cycles have been used with four grids, with
one multistagecycleon each grid, excepton the coarsestgrid,where
four multistagecycles were performed.Note that for the calculation
of the turbulenceproductionterms on coarsegrids, the data on those
coarsegrids have been used, rather than some restrictionof � ne-grid
values.

The implemented solution procedure differs slightly from the
methodjust describedbecausethe subsystemof the turbulenceequa-
tions has been decoupled from the subsystem of the NS equations.
The steady solution is obtained in the following way. First, a com-
plete cycle is performed for the NS subsystem,providing an update
for p 0 , u, and v . The turbulence quantities are kept constant during
this cycle. After this cycle, the � ow quantities are injected onto the
coarse grids, after which a cycle for the turbulent subsystem with
constant � ow quantities is performed.Then, the turbulentquantities
are injected onto the coarse grids. In other words, one complete cy-
cle for the coupled system of NS and turbulenceequationshas been
replaced by one complete cycle for the NS equations, followed by a
complete cycle for the turbulence equations.This results in solving
a 3 £ 3 and a 2 £ 2 system instead of a 5 £ 5 system.

The pseudotime step D s in Eq. (4) has contributions from the
convective-diffusiveterms and from the source term treatment. In
the next subsection, the convective-diffusive part is studied. The
source term contribution is studied in the next section.

Determination of the Pseudotime Step
Consider a uniform Cartesian mesh with constant D x and D y.

The time step D s for a cell on this mesh is computed for an explicit
method as

D s NS = 1/ [(u + cx ) / D x + (v + cy )/ D y]

with

cx = (u2 + b 2), cy = (v2 + b 2)

Assume that the � ow is inviscidand alignedto the x direction,that is,
v =0. If b is chosen in the order of u, all three eigenvalues[Eq. (2)]
have the same order of magnitude in the x direction and all waves
are convected into this direction with a Courant–Friedrichs–Lewy
(CFL) number on the order of unity.

Note that if the allowable time step becomes smaller, the conver-
gence will slow down. This happens for large grid AR. We de� ne
the grid AR gar for the Cartesian grid as gar = D x / D y. If gar is very
large, the allowable time step D s is equal to D y / cy and the maxi-
mum allowable CFL number in the x direction is

CFLx =
(u + cx ) D s

D x
=

u + cx

cy

1
gar

¼
1

gar

This will lead to a slower convergencerate. If the acoustic � uxes in
the y direction are discretized implicitly, the time-step de� nition is
changed into

D s NS = 1/ [(u + cx ) / D x + x 1v / D y] (5)

where x 1 is a scaling factor. If the � ow is aligned to the x direction,
CFLx will be equal to unity. If the � ow is aligned to the y direction,
a good value for x 1 is around two. This can be seen from a Fourier
analysis.4 When the viscous terms become important, the maximum
allowable time step is determinated by the von Neumann number
D s = D y2 / [2( m + m t )] and CFLx becomes small.

If the viscous terms are treated with a line implicit method in
y direction too, this von Neumann restriction on the time step
disappears, and the CFLx number is again on the order of unity.
Therefore, a line implicit method will be used for the acoustic and
viscous terms in the direction of the smallest grid distances. The
expressionfor b is appropriatelychosen by the use of the same phi-
losophy. For example, in the case of small cell dimensions in the
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y direction, the b factor in the preconditioning matrix is given by
b =

p
(u2 + v2) + 2( m + m t ) / D x . The method has been completely

described for laminar � ow.4

Treatment of Source Terms
First a scalar equation is studied. Afterward, the extension to-

ward a system of equations is made. The analysis is performed as
if a single-stage stepping were used. However, if the discretization
is stable for a single stage, it may be assumed to be stable for a
multistage stepping, too.

Scalar Equation
The discussion is � rst limited to linear source terms and then

extended toward nonlinear source terms.

Linear Source Term
To investigate the in� uence of discretizationschemes for source

terms in differential equations, a simpli� ed equation is considered
� rst, which contains a linear source term

d u

d s
= A u (6)

where A is constant. It is well known that, when A is real, explicit
treatment of the source term should be used if A > 0, whereas A < 0
requires an implicit treatment. If A is complex, A can be written as
A =a + jb, with a and b real constants and j =

p
¡ 1. There are

four ways of discretizing now: both the real and the imaginary part
can be treated explicitly or implicitly.

It is desirablethatnumericallythe samebehavioris obtainedas for
the analyticalsolution.The analyticalsolutionis u = u 0eA s , with u 0

determinedby the initial condition (t =0). If a > 0, the initial value
will be ampli� ed, which results in an exponentialincreasein time. If
a < 0, the variable decays from its initial value toward zero, which
correspondsto a stableprocess. If b 6=0, the solutionis oscillatoryin
time. The numerical behavior is described by means of a Neumann
stability analysis, which yields the ampli� cation factor

G = u n + 1 / u n (7)

the value of which depends on the choice of discretization.Analyt-
ically, the following relationships exist:

a > 0 ) j G j > 1, a < 0 ) j G j < 1 (8)

Numerically,the samebehavioris desirable.As anexample, thecase
a > 0 is considered.If both the real and imaginarypart are treatedex-
plicitly, j G j =

p
[(1 + a D s )2 + b2 D s 2] > 1 for all D s . If the imag-

inary part is treated implicitly, as suggested by Merkle et al.,12

j G j =[(1 + a D s ) /
p

(1 + b2 D s 2)], which can become smaller than
1, depending on the values of a, b, and D s . This may improve the
stability, which is particularlyuseful in (nonlinear) cases where the
variable is not allowed to become in� nitely large. The disadvantage
is that the numerical behaviormay differ from the analytical behav-
ior in the sense that j G j < 1 is possible even when a > 0. Therefore,
both the real and imaginary part are treated explicitly in this work
when a > 0. Analogously, when a < 0, both the real and imaginary
part are treated implicitly. This means that the conclusions for real
source terms can be generalized:an explicit treatment is used when
the real part is positive, whereas an implicit treatment is used when
the real part is negative. Because of this strong analogy, the further
analysis will be restricted to real source terms. The case of com-
plex source terms has been mentioned here because, for a coupled
system of equations, the eigenvalues of the Jacobian will take over
the role of the constant A and, particularly for a k– e system, these
eigenvalues can be complex.

Nonlinear Source Term
The clear distinctionof discretizationin the precedingparagraphs

is a consequenceof the real parts of the source term S( u ) and @S / @u
always having the same sign. This does not hold any longer for a

Fig. 1 Source term S(Á) as function of Á.

nonlinearsource term, which makes the choiceof discretizationless
evident. To investigate this, Eq. (6) is generalized to

du

d s
= S( u ) (9)

with S a nonlinear function in u . Based on the source term S( u ),
a nonzero steady solution can be obtained if a value u e 6= 0 exists
for which S( u e) = 0. This happens in many physicalprocesses.The
steady solution is assumed to be stable in the sense that an in� nites-
imal perturbation from the steady solution does not alter the steady
solution.This implies that @S / @u < 0 for u = u e . In Fig. 1 a possible
evolution of the source term S( u ) is given in a function of u . The
source term is positive for 0 < u < u e and negative for u > u e .

Analytically, this implies that u e is reached in a monotonic way.
It also implies that, for any initial condition u 0 ,

if S( u 0) > 0, then u e / u 0 > 1

if S( u 0) < 0, then u e / u 0 < 1 (10)

Because of these two reasons, it seems a reasonable requirement
that the discretizationalways results in an update d u in accordance
with the source term sign:

S( u ) ¸ 0 ) d u ¸ 0, S( u ) · 0 ) d u · 0 (11)

There are two other requirements more speci� cally related to
turbulence modeling. The � rst demand is that u cannot become
in� nitely large, and the secondone is that u cannotbecomenegative.
To ful� ll these three requirements, an appropriatediscretizationhas
to be looked for.

An implicit discretizationof Eq. (9) results in

u n + 1 ¡ u n

D s
= S( u n ) +

@S

@u
u n

( u n + 1 ¡ u n )

u n + 1 = u n + S( u n ) D s 1 ¡
@S

@u
u n

D s (12)

The explicit counterpart is given by

u n + 1 = u n + S( u n ) D s (13)

The ampli� cation factors G E and G I are, respectively,

G E = 1 + [S( u n ) / u n]D s E (14)

G I = 1 +
S( u n )

u n
D s I 1 ¡

@S

@u
u n

D s I (15)

If an approximation ˜u of the steady solution u e can be made, the
corresponding ampli� cation factor G̃ = ˜u / u n is known. For such
a prescribed ampli� cation rate G̃, the corresponding time step is
determined as

1
D s E

=
S( u n )

(G̃ ¡ 1) u n
(16)

1
D s I

=
S( u n )

(G̃ ¡ 1) u n
+

@S

@u
u n

(17)
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The implicit time step can also be written as

1
D s I

=
1

D s E

+
@S

@u
u n

(18)

Hence, an unlimited implicit time step D s I ! 1 correspondsto an
explicit time step:

1
D s E

= ¡
@S

@u
u n

Regardless of the time step, the numerical ampli� cation should
always be 1 < j G j < 1 if S > 0 and 0 < j G j < 1 when S < 0
[Eq. (11)]. From the expressions (14) and (15), one can observe
that, as opposed to the case of a linear source term, this cannot be
guaranteedunconditionally,because it dependsnot only on the sign
of the source term but also on the sign of the Jacobian @S / @u . To
analyze this, the four different situations with respect to the signs
of S( u ) and @S / @u that can occur are studied. They are shown
schematically in Fig. 1 by the points A, B, C, and D.

Point A, S > 0 and @S/ @u > 0. The explicit treatment (14) al-
ways guarantees j G j > 1 independentof the time step.However, the
solution u n + 1 ! 1 for D s ! 1 , which is not desirable, because
a � nite, stable steady solution is assumed. The best time step should
result in a solution close to the exact one. If an approximation ˜u
can be made for the steady solution u e , the explicit time step can be
calculated from Eq. (16).

The implicit treatment (15) demands 1/ D s I ¸ (@S / @u n) j u n to
assure j G j > 1. For the upper limit of the time step, the solutionwill
also be u n + 1 ! 1 .

An explicit treatment is the best choice for point A. If an approx-
imation can be set forward, the necessary time step is calculated
from Eq. (16).

Point B, S > 0 and @S/ @u < 0. The situation is not much dif-
ferent from point A, except that within a linear approximation, a
natural additional upper time limit can be proposed for the explicit
discretization. With Taylor’s expansion, the source term S is ap-
proximated as

S( u n + 1) »= S( u n ) +
@S

@u
u n

( u n + 1 ¡ u n )

Because we want S( u n + 1) = 0, this results in

u n + 1 = u n ¡ S( u n )
@S

@u
u n

which corresponds for an explicit treatment (14) to a time step
1/ D s E = ¡ (@S / @u ) j u n . The corresponding u n + 1 coincides with
point B 0 in Fig. 1. If, by a nonlinear theory, a better estimation
˜u can be found, the needed time step is given by Eq. (16). In most
cases, however, some hypotheses have to be made to obtain this
nonlinear approximation. To ensure a stable iteration process, the
maximum allowed time step is taken as the smallest time step from
the linear and the nonlinear analysis:

1
D s E

= Max ¡
@S

@u
u n

,
S( u n )

(G ¡ 1) u n
(19)

An implicit treatment (15) always ful� lls the condition j G j > 1 and,
moreover, guarantees j G j < 1 for all D s I . Therefore, an implicit
treatment is preferable for point B.

An implicit discretization with in� nite time step, however, cor-
responds to a solution u n + 1 = u B 0 , which can be far away from u e.
The time step to be taken for a nonlinear approximation ˜u is given
by Eq. (17). For the same reasons as in the explicit discretization,
the most conservative time step is taken:

1
D s I

= Max 0,
S( u n )

(G ¡ 1) u n
+

@S

@u
u n

(20)

Using the identity (18), one can verify that the relations (19) and
(20) actually express the same time-step restriction.

Point C, S < 0 and @S/ @u < 0. Apart from S( u ) < 0 and, hence,
a desired ampli� cation 0 < G < 1, the conclusions and time-step
restrictionsare the same as in the precedingcase. Implicit treatment
is preferable. Note that the linear approximation (point C 0 ) can be
negative, so that the non-linear approximation could be even more
important here.

Point D, S < 0 and @S/ @u > 0. The situation of point D is very
similar to the one of point A. The difference is that, as S( u ) < 0 the
ampli� cation should be 0 < G < 1. Explicit treatment is preferable.

Because a time-step restriction seems inevitable, at � rst glance,
an implicit treatment does not seem useful. In practice, however, it
is dif� cult to � nd G̃ . An implicit treatment when @S / @u < 0 is then
more robust.So as not to counteractthe implicit treatment,Eqs. (19)
and (20) are slightly altered. In Eq. (19), the sum is taken instead of
the maximum. In view of the relationship (18), this corresponds to
dropping the term (@S / @u ) j u n in Eq. (20). Based on this discussion,
the time step to be taken in any case is given by

1/ D s = S( u n ) / (G̃ ¡ 1) u n (21)

combined with an explicit treatment of the source term S( u ) if
@S / @u > 0, and an implicit one if @S / @u < 0.

The practical use of Eq. (21) requires that a reasonable approxi-
mation G̃ can be determined. This is the topic of the next section.
Also, note that the equation considered here does not contain any
convectiveor diffusive terms. In practice, their presence drastically
diminishes the importance of the introduced time step. The con-
clusions about the choice between explicit and implicit treatment,
however, remain unchanged, as will be discussed in the next para-
graph and in the numerical results.

Coupled System
The source terms in two-equation turbulence models are, in gen-

eral, strongly nonlinear and coupled. Two major methods exist to
describe the source terms.

In the � rst method, positive parts of the source terms are not lin-
earized and an approximate Jacobian is constructedfor the negative
parts of the source terms, in such a way that negative real eigen-
values are obtained. The positive parts are treated explicitly, and
the negative parts are treated implicitly. This method has proven to
work well for different kinds of � ow problems such as � at plates,
backward facing steps, and turbine cascades.One way of construct-
ing an approximatedJacobian is described in several works.1,2,5 For
the k– e model developed by Yang and Shih13

@k

@s
+

@

@xk
(kvk ) = Pk ¡ e +

@

@xk
m +

m t

r k

@k

@xk

@e

@s
+

@

@xk
( e vk ) = (c e 1 Pk ¡ c e 2 f2 e )

1
Tt

+
@

@xk
m +

m t

r e

@e

@xk

+ E

the source terms are

Sk = Pk ¡ e , Se = (ce 1 Pk ¡ ce 2 f2 e )(1/ Tt ) + E

Pk denotes the turbulenceenergy production term

Pk = m t
@vi

@x j

+
@v j

@xi

@vi

@x j

(22)

with the Einstein summation convention and

m t = c l f l kTt

In this expression, cl =0.09, f l is a damping function, and

Tt = k / e + m / e

Other model constants are c e 1 = 1.44 and c e 2 =1.92. Also, f2 is a
damping function and E = m m t[(@2vi / @xk @x j )(@2vi / @xk @x j )]. The
approximate Jacobian is given by5
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@S ¡ (k, e )

@(k, e )
=

@S ¡
k

@k

@S ¡
k

@e

@S ¡
e

@k

@S ¡
e

@e

=
¡

p
m +

p
m + 4kTt

2

2kT 2
t

0

c e 2 f2
1

T 2
t

¡ ce 2 f2
1

T 2
t

2Tt ¡
1

2

m

e

(23)

The superscript ¡ denotes that only the negative parts of the source
terms are taken into accountfor the constructionof the approximate
Jacobian.For the low-Reynoldsversionof the k– x modeldeveloped
by Wilcox2

@k

@s
+

@

@xk
(kvk ) = Pk ¡ b ¤ k x +

@

@xk
( m + r k m t )

@k

@xk

@x

@s
+

@

@xk
( x vk ) = a

x

k
Pk ¡ b x 2 +

@

@xk
( m + r x m t )

@x

@xk

the source terms are

Sk = Pk ¡ b ¤ k x , Sx = a ( x / k)Pk ¡ b x 2

The model constants are

a =
5

9

a 0 + ReT / R x

1 + ReT / R x

( a ¤ ) ¡ 1 , a ¤ =
a ¤

0 + ReT / Rk

1 + ReT / Rk

b ¤ = 0.09
(5/ 18) + (ReT / R b )4

1 + (ReT / R b )4
, ReT =

k

x m

and b = 0.075, a ¤
0 = b /3, a 0 =0.1, R b = 8, Rk =6, and R x = 2.7.

The approximate Jacobian is2

@S ¡ (k, x )

@(k; x )
=

¡ 2 b ¤ x 0

0 ¡ 2 b x
(24)

A secondmethodstartswith theconstructionof theexactJacobian
of the source terms @S/ @u and was suggestedby Merkle et al.12 For
the k– e system, this yields

@S(k, e )

@(k; e )
=

@Sk

@k

@Sk

@e

@Se

@k

@Se

@e

(25)

with

@Sk

@k
=

@Pk

@k
,

@Sk

@e
=

@Pk

@e
¡ 1,

@Se
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= c e 1
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1
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@E

@k
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@e
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For the k– x system, the exact Jacobian is

@S(k, x )

@(k; x )
=

@Pk
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¡ b ¤ x ¡
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@k
x k

@Pk
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¡ b ¤ k ¡
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@

@x
a

x

k
Pk + a

x
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@Pk

@x
¡ 2b x

(26)

This exact Jacobian can easily be diagonalized into its eigenvalue
matrix K ¯̄. This matrix can be split into a positive part and a negative
part: K ¯̄ = K ¯̄ + + K ¯̄ ¡ , with

K ¯̄ § =
k §

1 0

0 k §
2

Here, k ¡
i (i = 1, 2) is equal to k i if the real part of k i is negative,and

is equal to zero otherwise. Also, k +
i = k i ¡ k ¡

i . Transforming back
yields a splitting of the Jacobian @S/ @u = @S+ / @u + @S ¡ / @u . The
different terms are then treated according to the earlier analysis:
implicitly for the negative part, explicitly for the positive part. If
the eigenvalues are complex, the sign of the real part is considered
in accordance with the analysis for the linear source term scalar
equation.

As for a scalar equation, an approximation for the time step for
each equationof thecoupledsystemcanbe made if theampli� cation
factors corresponding with the end solution can be estimated. To
allowanapproximateanalyticalsolution,we suggestsimplifyingthe
source terms. This yields a relationship between the ampli� cation
factors G k and G e (or G x ). For the k– e model, the model (22) is
rewritten as

@k

@s
= Pk ¡ e ,

@e

@s
= ce 1

e

k
(Pk ¡ e )

where the convective and diffusive terms are neglected and the
source term for the e equation is simpli� ed. Division of the two
equations gives a relationship between the ampli� cation factors:

dk

de
=

k

c e 1 e
) (kc e 1 ) j n + 1

n = ( e ) j n + 1
n )

kn + 1

kn

c e 1

=
e n + 1

e n

leading to

G e = Gk
c e 1 (27)

Pk is proportional to m t , Eq. (22). The simpli� cation m t = cl (k2 / e )
implies Pk » (k2 / e ), so that

Pn + 1
k Pn

k = G2
k G e

The purpose is to obtain a zero source term on time level n + 1:

Pn + 1
k ¡ e n + 1 = 0 ) G2

k G e Pn
k ¡ G e e

n = 0

The ampli� cation rates are then, by the use of Eq. (27),

Gk = Pn
k e n 1/ 2(c e 1 ¡ 1)

, G e = Pn
k e n c e 1 / 2(c e 1 ¡ 1)

A similar estimation for the ampli� cation rates can be obtained
for the k– x turbulencemodels. The following approximationshave
been made:

@k

@s
= Pk ¡ b ¤ k x ,

@x

@s
= a

x

k
(Pk ¡ b x k)

Because b ¼ b ¤ , as in the k– e system, the relationship

dk

d x
=

k

a x

is obtained, which leads to G x = G a
k . Then it is desirable that the

source term at pseudotime level n + 1 become zero again. With Pk

again proportionalto m T = a ¤ k / x , so that Pn + 1
k / Pn

k = G k / G x , this
results in
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Gk =
Pn

k

b ¤ kn x n

1/ 2a

, G x =
Pn

k

b ¤ kn x n

1
2

Now that the ampli� cation matrix

Ḡ̄ =
Gk 0

0 G e

is known, the corresponding time-step matrix

D s t =
D s k 0

0 D s e

(28)

for the k and e (or x ) equation can be calculated from

( D s t )
¡ 1(Ḡ̄ ¡ Ī̄ ) u n = S( u n ) (29)

similar to Eq. (21), with Ī̄ the unity matrix.
Because the turbulent quantities can still become negative during

the iteration process, particularlyin the beginning,correctionshave
to be appliedwhen this occurs. For k, a thresholdvalue is prescribed
when k becomes negative. For e or x , an averaging of the values in
the neighboring nodes is performed. If the latter does not supply a
positive value, no update for e or x is performed.

Coupled System with Convection and Diffusion
In the precedinganalysis,convectiveand diffusive terms were ig-

nored. However, these terms are normally present and impose time-
step restrictions for stability reasons. To retain stability, in princi-
ple the minimum of the time-step restriction imposed by the source
termsand the one imposedby the convectionand/or diffusionshould
be taken. As a practical implementation, instead of taking the min-
imum, the inverses of all of the time steps are added, which results
in a safer time step when all of the time steps are of the same order.
When one of the restrictions is much more severe than the others,
the addition of the inverses of the time steps is approximately the
same as taking the minimum. Therefore, the � nal time-step matrix
for the turbulenceequations is

D s =

1
D s NS

+
1

D s k
0

0
1

D s NS

+
1

D s e

¡ 1

(30)

with D s NS (for a line in the y direction) given by Eq. (5).

Numerical Results
Both source term discretization methods are numerically inves-

tigated for fully developed channel � ow,14 � at-plate � ow,15 and
backward-facing step (BFS) � ow.16 The low-Reynolds k– e model
by Yang and Shih13 and the low-Reynolds k– x model by Wilcox2

are studied.The � ows are incompressible.From now on, the method
basedon the approximatedJacobian[Eq. (23) or (24)] will be called
the approximate method, and the method based on the exact Jaco-
bian [Eq. (25) or (26)] will be called the rigorous method.

Unless otherwise stated, the global CFL number in Eq. (3) is 1.4.
In principle, an alternating line solver has been used, except for the
channel � ow, where only lines in the y direction have been used.
When the MG technique is used, it is always a W cycle with four
grids. The evolution of the maximum residual is shown in terms
of work units, where one work unit has been de� ned as the time
necessary for a single stage (in the multistage scheme) calculation
on the � nest grid with lines in one direction.

For the channel � ow, the convectiveterms and the diffusive terms
in the streamwise direction are set to zero, so that those terms do
not prescribe a time-step restriction.This way, the source term sys-
tem’s behavior can be investigated.Figure 2 gives the convergence
evolutionfor a fully developedchannel � ow with Reh =8 £ 104 for
both turbulence models. The grid has 1 £ 129 nodes with the � rst
grid point at y+ =u s y / m = 1, with y being the distance from the
wall. The approximate method (curves 1 and 4) results in a good
convergencerate. For the rigorous method without the time-step re-
striction (29), however, the CFL factor in the multistaging Eq. (3)

Fig. 2 Convergence history for channel � ow: k–", approximatedJaco-
bian, line 1; k–", exact Jacobian, line 2; k–", exact Jacobian, with D ¿
from Eq. (29), line 3; k–!, approximate Jacobian, line 4; k–!, exact
Jacobian, line 5; and k–!, exact Jacobian,with D ¿ from Eq. (29), line 6.

Fig. 3 Dimensionless velocity pro� le for fully developed channel � ow:
k–", line 1; k–" on re� ned grid, line 2; k–!, line 3; k–! on re� ned grid,
line 4; and DNS data (symbols), line 5.

has to be lowered to 0.5 for the rigorous method for stability rea-
sons. This results in a poorer convergence rate, both for k– e and
k– x (curves 2 and 5). When the time-step restriction is introduced,
the lowering of the CFL number is not necessary, which results in
a better convergence rate again (curves 3 and 6). This con� rms the
need for the time-step restriction to prevent the turbulent quanti-
ties becoming in� nite or negative. The method based on Eq. (23)
or (24) does not suffer from this dif� culty because for that method
there is always a negative part, treated implicitly, even when both
eigenvalues of the exact Jacobian have positive real parts. This is
equivalent to the introduction of a time-step restriction. Figure 3
shows the dimensionless velocity pro� le u /u s as a function of y + .
The pro� les match the direct numerical simulation (DNS) pro� le
very well. The deviation from the DNS data of the velocity pro� le
obtained with the k– x model is due to that model.2 Calculations
on a re� ned grid (1 £ 257 nodes) provide the same results, which
indicates grid independenceof the results.

Figure 4 shows the convergencehistory for a � at-plate � ow on a
stretched grid (145 £ 89 gridpoints). The approximate method and
the rigorous method performequallywell (curves 1 and 2 and 4 and
5). The reason is that the convectiveand diffusive time steps (which
contain grid dimensions) are more restrictive than the source term
time step in Eq. (30). For the same reason, the introduction of the
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Fig. 4 Single grid (SG) convergence history for � at-plate � ow: k–",
approximated Jacobian, line 1; k–", exact Jacobian, line 2; k–", exact
Jacobian, with D ¿ from Eq. (30), line 3; k–!, approximate Jacobian,
line 4; k–!, exact Jacobian, line 5; and k–!, exact Jacobian, with D ¿
from Eq. (30), line 6.

Fig. 5 Convergence acceleration with the multigrid technique for � at-
plate � ow: SG, line 1; NS solved with MG, turbulence equations SG,
line 2; all equationswith MG, rigorous method, line 3; and all equations
with MG, approximate method, line 4.

calculated time step (29) is not necessary here (curves 3 and 6). It
can be seen that introducing the extra time-step restriction leads to
a slightly worse convergence rate.

Figure 5 shows convergence results for the k– e model for a � at
plate-� ow15 (193 £ 97 gridpoints) using MG. The convergencerate
when all of the equations are solved only on the � nest grid is given
by curve 1. Curve 2 corresponds to the NS equations solved with
MG, whereas the turbulence equations are only computed on the
� nest grid. A substantial improvement is obtainedwith the rigorous
method when both the NS equations and the turbulence equations
are solved on the coarse grids (curve 3). However, no convergence
at all can be obtained when the approximatemethod is used in com-
bination with MG for all of the equations (curve 4). This indicates
the superiority of the rigorous method because that method does
not suffer from this convergenceproblem. Note that, again, the in-
troduction of the time-step restriction (29) is not necessary to keep
the rigorous method stable. For the k– x model, the difference be-
tween the approximate and the rigorous method is much smaller.
The reason is that, because of the form of the turbulenceequations,
the approximate and exact Jacobian do not differ as much as for the

Fig. 6 Evolution of friction coef� cient for � at plate � ow: k–" model,
line 1; k–" model, re� ned grid, line 2; k–! model, line 3; k–! model,
re� ned grid, line 4; turbulent cf , line 5; and laminar cf , line 6.

Fig. 7 Friction coef� cient for BFS � ow: k–" model, line 1; k–" model,
re� ned grid, line 2; k–! model, line 3; k–! model, re� ned grid, line 4;
and DNS (symbols), line 5.

k– e model. Both methods converge with MG for the k– x model,
again leading to a substantial improvement on single grid calcula-
tions (resultsnot shown). Figure 6 shows the evolutionof the friction
coef� cient as a function of Rex = u 1 x / m . The theoretical laminar
and turbulent evolution of the friction coef� cient17 are also shown
for comparison.Calculationshave also been performedon a re� ned
grid (385 £ 193 gridpoints) to check grid independence.The results
coincide,which proves that the results are indeed grid independent.

Finally, a turbulent � ow16 over a BFS has been computed on a
stretched grid (113 £ 137 gridpoints). Figure 7 shows the evolution
of the friction coef� cient c f as a function of the dimensionlessdis-
tance x / H from the step. Again, calculations have been performed
ona re� ned grid (225 £ 273 points) to checkgrid independence.The
results practically coincide again, indicating the grid independence
of the results. DNS results are also shown for comparison.The dif-
ferences between calculation results and DNS results are not due
to numerical inaccuracy, but are due to well-known de� ciencies of
two-equationturbulencemodels.A detail of the calculated� ow� eld
near the step is shown for the k– e model in Fig. 8. Figure 9 shows
convergence results for the k– e model. Very similar conclusions
can be drawn to those for the � at plate with respect to convergence
rates. However, now the approximate method also converges with
MG and performs equally as well as the rigorous method (curves 3
and 4). Similar results are obtained for the k– x model (Fig. 10).
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Fig. 8 Streamlines for BFS � ow (k–" model).

Fig. 9 Convergence acceleration with the multigrid technique for BFS
� ow for the k–" model: SG, line 1; NS solved with MG, turbulence
equations SG, line 2; all equations with MG, rigorous method, line 3;
and all equations with MG, approximate method, line 4.

Fig.10 Convergence accelerationwith themultigrid technique for BFS
� ow for the k–! model: SG, line 1; NS solved with MG, turbulence
equations SG, line 2; all equations with MG, rigorous method, line 3;
and all equations with MG, approximate method, line 4.

As mentioned by Gerlinger and Brüggemann,8 the � at-plate � ow
seems to be moredemandingfor themultigridtechnique.The reason
is probablyto be found in thegridalignmentof the � ow and the more
extreme grid AR for the calculation of the � at-plate � ow compared
to the BFS � ow. This indicates that the rigorous method is more
capable of dealing with high AR than the approximate method.

Conclusions
A general method for discretizing the source terms in turbulence

models has been presented. It is based on the eigenvalues of the
exact source term Jacobian and allows the use of the MG technique

on both the NS equationsand the turbulenceequations,without any
damping of coarse grid correctionsor freezingof parts of the source
terms on coarse grids. This substantially increases the convergence
speedand allows the extensionof a robust,grid-independentsolving
techniquedeveloped for laminar � ows, toward turbulent � ows. The
presentedmethod is capableof dealingwith high AR, as encountered
in gridsnecessaryto resolve turbulentboundarylayers. In principle,
the mathematical analysis indicates the need for a time-step restric-
tion for the source terms to keep the suggested method stable, but
in practice the time-step limitations coming from convective and
diffusive terms are more restrictive, so that this necessity has not
been observed.
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